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Abstract
We study the sensitivity of future medium baseline reactor antineutrino experiments on
the neutrino mass hierarchy. By using the standard χ2 analysis, we find that the sen-
sitivity depends strongly on the baseline length L and the energy resolution (δE/E)2 =(
a/
√
E/MeV
)2
+ b2, where a and b parameterize the statistical and systematic uncer-
tainties, respectively. The optimal length is found to be L ∼ 40 − 55 km, where a
slightly shorter L in the range is preferred for poorer energy resolution. The running
time needed to determine the mass hierarchy also depends strongly on the energy resolu-
tion; for a 5 kton detector (with 12% weight fraction of free proton) placed at L ∼ 50 km
away from a 20GWth reactor, 3σ determination needs 14 years of running with a = 3%
and b = 0.5%, which can be reduced to 5 years if a = 2% and b = 0.5%. On the
other hand, the experiment can measure the mixing parameters accurately, achieving
δ sin2 2θ12 ∼ 4×10−3, δ(m22−m21) ∼ 0.03×10−5eV2, and δ|m23−m21| ∼ 0.007×10−3eV2, in
5 years, almost independently of the energy resolution for a < 3% and b < 1%. In order to
compare our simple (∆χ2)min results with those obtained by simulating many experiments,
we develop an efficient method to estimate the uncertainty of (∆χ2)min, and the probability
for determining the right mass hierarchy by an experiment is presented as a function of the
mean (∆χ2)min.
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1 Introduction
Now that a large θ13 has been measured at Daya Bay [1] and RENO [2] experiments
accurately, neutrino physics enters a new era. One of the next challenges is determination of
the mass hierarchy. Many ideas have been proposed, such as long baseline accelerator-based
neutrino oscillation [3–5], atmospheric neutrino [6], supernova neutrino [7], neutrino-less
double-beta decay [8], and medium baseline reactor antineutrino experiments [9–15].
Among them, the medium baseline reactor antineutrino experiment has stimulated
various re-evaluations of its physics potential and sensitivity recently. Some works uti-
lize the Fourier transform technique [16–18], first discussed in refs. [11–13], to distinguish
the mass hierarchy. The main advantage of this technique is that the mass hierarchy can
be determined without precise knowledge of the reactor antineutrino spectrum, the abso-
lute value of the large mass-squared difference |∆m231|, and the energy scale of a detector.
Although interesting and attractive, this technique is somewhat subtle to incorporate the
uncertainties of the mixing parameters and to estimate its sensitivity to the mass hierarchy.
On the other hand, some works adopt the χ2 analysis [15, 18, 19] and new measure based
on Bayesian approach [20]. These methods utilize all available information from experi-
ments, and it is straightforward to incorporate the uncertainties to evaluate the sensitivity,
providing robust and complementary results to the Fourier technique.
In this paper, we analyze the sensitivity of medium baseline reactor antineutrino exper-
iments to the mass hierarchy for the baseline length of 10–100 km and the energy resolution
(δE/E)2 =
(
a/
√
E/MeV
)2
+ b2 in the range 2% < a < 6% and b < 1% with the χ2 anal-
ysis. The optimal baseline length and the expected statistical uncertainties of the neutrino
parameters, sin2 2θ12, sin
2 2θ13,∆m
2
21 and ∆m
2
31, are also estimated.
This paper is organized as follows. In Section 2, we briefly discuss the estimation of
the energy distribution of reactor electron-antineutrino events at a far detector. Section
3 details the evaluation of the sensitivity for determining the mass hierarchy using the χ2
analysis, and results of our analysis are shown in Section 4. In section 5, the statistical
uncertainty of the sensitivity is discussed, developing an efficient method for estimating the
uncertainty of the (∆χ2)min. Finally, our conclusions are summarized in Section 6.
2 Reactor antineutrino flux
In this section, we briefly discuss the evaluation of how many electron antineutrinos, ν¯e,
would be detected at a far detector with a medium baseline length from a reactor.
In a nuclear reactor, antineutrinos are mainly produced via beta decay of the fission
products of the four radio-active isotopes, 235U, 238U, 239Pu and
241Pu, in the fuel
1. The
1Precisely speaking, there are contributions from other isotopes such as 240Pu and
242Pu, but their
contributions are of the order of 0.1% or less [21].
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number of antineutrinos produced per fission depends on their energy Eν [22]
φ(Eν) = f 235U exp
(
0.870 − 0.160Eν − 0.091E2ν
)
+ f 239Pu exp
(
0.896 − 0.239Eν − 0.0981E2ν
)
+ f 238U exp
(
0.976 − 0.162Eν − 0.0790E2ν
)
+ f 241Pu exp
(
0.793 − 0.080Eν − 0.1085E2ν
)
, (2.1)
where fk denotes the relative fission contribution of the isotope k in a reactor fuel, derived
from the fission rate Nfissk (1/s) of isotope k as
fk ≡
Nfissk∑
iN
fiss
i
. (2.2)
Although fk varies over time as the fuel is burned, it can be approximated for this
type of experiments with the average value of the relative fission contributions: f 235U =
0.58, f 239Pu = 0.30, f 238U = 0.07 and f 241Pu = 0.05 [12]. The event rate of antineutrinos
with energy Eν (MeV) at a reactor of P (GWth) thermal power is then expressed as
dN
dEν
=
P∑
k fkǫk
φ(Eν)× 6.24 × 1021, (2.3)
where ǫk is the released energy per fission of the isotope k: ǫ 235U = 201.7 MeV, ǫ 239Pu =
210.0 MeV, ǫ 238U = 205.0 MeV and ǫ 241Pu = 212.4 MeV [23]. The numerical factor comes
from unit conversion, 1 GW/MeV = 6.24 × 1021.
This rate is then modulated by oscillation. The ν¯e survival probability is expressed as
Pee =
∣∣∣∣∣
3∑
i=1
Uei exp
(
−i m
2
i
2Ei
)
U∗ei
∣∣∣∣∣
2
= 1− cos4 θ13 sin2 2θ12 sin2 (∆21)
− cos2 θ12 sin2 2θ13 sin2 (∆31)
− sin2 θ12 sin2 2θ13 sin2 (∆32) , (2.4)
where Uei is the neutrino mixing matrix element relating the electron neutrino to the mass
eigenstate νi. The variables mi and Ei are the mass and energy of the corresponding mass
eigenstate, while θij represent the neutrino mixing angles. The oscillation phases ∆ij are
defined as
∆ij ≡
∆m2ijL
4Eν
, (∆m2ij ≡ m2i −m2j) (2.5)
with a baseline length L. We have neglected the matter effect because it is small enough
for the energy range and the baseline lengths we concern in this study [24]. In obtaining
the second line of (2.4) we have also ignored the tiny energy difference between the three
mass eigenstates, Eν ∼ E1 ∼ E2 ∼ E3.
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To make the effects of the mass hierarchy clearer, we would like to rewrite eq. (2.4) as,
Pee = 1− cos4 θ13 sin2 2θ12 sin2 (∆21)
− sin2 2θ13 sin2 (|∆31|)
− sin2 θ12 sin2 2θ13 sin2 (∆21) cos (2|∆31|)
± sin
2 θ12
2
sin2 2θ13 sin (2∆21) sin (2|∆31|) , (2.6)
where only the last term depends on the mass hierarchy, which takes the plus and minus
sign, respectively, for normal (NH) and inverted hierarchy (IH),
∆m231 ≡
{
m23 −m21 > 0 (NH) (2.7a)
m23 −m21 < 0 (IH). (2.7b)
It is clear from eq. (2.6) that the survival probability is most sensitive to the mass hierarchy
when | sin(2∆21)| = 1, or equivalently
2∆21 = (2n − 1)π
2
(n = 1, 2, 3, · · · ), (2.8a)
and has no sensitivity at
2∆21 = nπ (n = 0, 1, 2, 3, · · · ), (2.8b)
where sin(2∆21) = 0. For example, at L = 50 km, the condition (2.8a) for n = 1 and 2 is
satisfied at Eν ∼ 6 MeV and 2 MeV, respectively. The last term in eq. (2.6) contributes
with the opposite sign at these first and second maxima. In between, it vanishes and
changes its sign at Eν = 3 GeV, corresponding to n = 1 in (2.8b). It is this sign change
that plays an important role for the mass hierarchy determination, which will be further
discussed in the next section.
Similar as the current reactor experiments, such as Daya Bay [1], RENO [2] and
Double Chooz [25], future medium baseline reactor antineutrino experiments can also use
free protons as targets to detect electron antineutrinos via the inverse neutron beta decay
(IBD) process,
ν¯e + p→ e+ + n, (2.9)
where p and n are the proton and the neutron, respectively. The threshold neutrino energy
of this process is Ethr ∼ mn −mp +me, and the cross section is [26],
σIBD = 0.0952
(
Ee pe
1MeV2
)
× 10−42 cm2, (2.10)
where Ee and pe are the energy and momentum of the positron, neglecting the kinetic
energy of the proton and the neutron for a MeV scale antineutrino. The positron’s energy
is roughly Ee ∼ Eν − (mn −mp).
The produced positron then interacts with scintillator, converting its kinetic energy to
photons. Eventually, the positron annihilates with an electron in the detector and emits
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two 0.5 MeV photons. The energies of those photons are then accumulated as the visible
energy, Evis, which is the sum of the positron’s total and one electron’s rest energies,
Evis ∼Ee +me ∼ (Eν − 0.8)MeV. (2.11)
Finite energy resolution of the detector then distorts the true visible energy, Evis, to
the finally observed one, Eobsvis . This effect can be modeled by a detector response function
G(Evis−Eobsvis , δEvis) with the energy resolution δEvis. In this study, we take the normalized
gaussian function as the response function, i.e.,
G(Evis − Eobsvis , δEvis) =
1√
2πδEvis
exp
{
−
(
Evis − Eobsvis
)2
2(δEvis)2
}
. (2.12)
The detector energy resolution [14],
δEvis
Evis
=
√√√√( a√
Evis/MeV
)2
+ b2, (2.13)
is composed of two parts. The first term in the square-root represents the statistical uncer-
tainty, and the second one gives the systematic uncertainty [27]. The observed antineutrino
distribution by a detector with Np free protons after an exposure time T can then be ex-
pressed as
dN
dEobsvis
=
NpT
4πL2
∫ ∞
Ethr
dEν
dN
dEν
Pee(L,Eν)
× σIBD(Eν)G(Eν − 0.8MeV − Eobsvis , δEvis). (2.14)
3 The sensitivity to the mass hierarchy
After obtaining the energy distribution of reactor antineutrinos, we would like to estimate
the sensitivity of determining the mass hierarchy using the standard χ2 analysis [10, 13,
15, 18, 19].
To set the stage, we introduce the χ2 function as
χ2 = χ2para + χ
2
sys + χ
2
stat. (3.1)
The first term summarizes the prior knowledge on mixing parameters. In reactor an-
tineutrino experiments, these are the mixing angles, sin2 2θ12 and sin
2 2θ13, and the two
– 4 –
Y sin2 2θ12 sin
2 2θ13 ∆m
2
21 eV
2 |∆m231| eV2 fsys
Y input 0.857 0.089 7.50 × 10−5 2.32 × 10−3 1
δY 0.024 0.005 0.20 × 10−5 0.1× 10−3 0.03
Table 1. The input values Y input and their uncertainties δY taken from refs. [1, 28]. The uncer-
tainty of sin2 2θ13 can be 5% or less after 3 years running of Daya Bay experiment [29].
mass-square differences, ∆m221 and |∆m231|, whose contributions look like,
χ2para =
{
(sin2 2θ12)
fit − (sin2 2θ12) input
δ sin2 2θ12
}2
+
{
(sin2 2θ13)
fit − (sin2 2θ13) input
δ sin2 2θ13
}2
+
{
(∆m221)
fit − (∆m221) input
δ∆m221
}2
+
{
(|∆m231|)fit − (|∆m231|) input
δ|∆m231|
}2
. (3.2)
The input values Y input and their uncertainties δY are listed in Table 1.
The reactor antineutrino flux, IBD cross section, fiducial volume and weight fraction
of free proton can all be combined into a single overall factor. Consequently, their contri-
butions to the χ2 function can be represented by a single term as,
χ2sys =
(
f fitsys − f inputsys
δfsys
)2
, (3.3)
where f inputsys = 1, and δfsys = 0.03.
The third term in (3.1) represents the statistical fluctuation. When we introduce
binning w.r.t. Eobsvis , it looks like
χ2stat =
∑
i

N fiti −NNH(IH)i√
N
NH(IH)
i


2
(3.4)
with the summation running over all the bins. Here, N
NH(IH)
i is the event number for
the ith bin when the hierarchy is NH (IH), while N
fit
i is the theoretical prediction of the
event number either with right or wrong mass hierarchy, calculated as a function of the
four model parameters and the normalization factor fsys, which are all varied under the
constraints of (3.2) and (3.3). In this study we prepare the data N
NH(IH)
i by using eq. (2.14)
with the input values of the five parameters for each mass hierarchy.
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In the limit of infinitely many events, the bin size can be reduced to zero, and the sum
(3.4) can be replaced by an integral,
χ2stat →
∫
Emax
Emin
dEobsvis


(
dN
dEobsvis
)fit
−
(
dN
dEobsvis
)NH(IH)
√(
dN
dEobsvis
)NH(IH)


2
, (3.5)
where Emin = 1.8 MeV and Emax = 8 MeV are the lower and upper limits of the observed
energy used to evaluate the χ2 function, respectively. Although a finite bin size is required
for actual experiments, we adopt this zero-bin-size limit as measure of the maximum sen-
sitivity. We then define ∆χ2 as
∆χ2 = χ2 − χ2min, (3.6)
where χ2min is the minimum of χ
2, which is obviously zero in our approximation of neglecting
statistical fluctuations in data, N
NH(IH)
i . When wrong mass hierarchy is assumed in the
fit, the minimum of ∆χ2, (∆χ2)min, will deviate from zero, and the wrong mass hierarchy
can be rejected with significance
√
(∆χ2)min.
4 Results
In this section, we discuss the sensitivity to the mass hierarchy, the optimal length and the
statistical uncertainties of the neutrino parameters, especially their dependence on energy
resolution, first a and then b in eq. (2.13). All our results are obtained by assuming a
reactor of 20 GWth thermal power, a far detector of 5 kt fiducial volume with 12% weight
fraction of free proton and 5 years exposure time.
First we show the expected energy distributions of the reactor antineutrinos in Fig. 1.
There are four sets of curves for the different baseline lengths, 30, 40, 50 and 60 km, from
the top to the bottom panel. In each panel, the blue and red curves show the distributions
for NH and IH, respectively. The red arrow in each panel shows the antineutrino energy at
which the mass hierarchy dependent term, the last term in eq. (2.6), vanishes with n = 1
in eq. (2.8b). Most of the reactor antineutrino events are expected to populate the energy
range between 1.8 MeV and 8 MeV. We note here that the difference between the NH and
IH oscillations is due to the difference of the phase ∆31 defined in eq. (2.5), as shown in
eq. (2.6). This relative phase difference is reversed across the arrowed degeneracy point,
as most clearly seen in the L = 60 km case.
Figures 2 and 3 show energy distributions for L = 30 km and 50 km, respectively,
in which the exact Eν measurement is assumed for the upper panel, whereas in the lower
panel the energy resolution of a = 6% with b = 0 in eq. (2.13) is assumed. The dashed
blue curve corresponds to the NH case, and the dashed red curve to the IH case, while
the solid curve is obtained using the parameter values fitted to the NH data with the
“wrong” IH assumption. At L = 30 km, the solid curve almost coincides with the dashed
blue one even with the exact energy measurement, implying that it is almost impossible
to distinguish the mass hierarchy by experiments at L = 30 km. This is because the small
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Figure 1. The energy distributions of reactor antineutrino events after 20GWth·5kt (12% free-
proton weight fraction)·5yrs exposure at the baseline lengths L = 30, 40, 50 and 60 km, in the
top-down order. The blue curves are for NH, while the red ones for IH. The red arrows indicate
the energies at which the difference due to mass hierarchy vanishes.
phase shift between the NH and IH predictions can be absorbed by a small shift in |∆m231|
by a fraction of its present uncertainty, 0.1 × 10−3eV2. The situation only becomes worse
with introducing a finite energy resolution.
The situation changes when the second peak, the n = 2 point in eq. (2.8a), of the mass
hierarchy dependent term appears in the energy range. The mass hierarchy difference can
no longer be absorbed by a shift in |∆m231| since the relative phase difference between the
NH and IH oscillations changes across the degeneracy point. There is no way to make
the differences on the both sides compensated, resulting in the distinct mismatch between
the dashed blue curve (for the NH data) and the solid curve (the best-fit under the IH
assumption) as shown in the upper panel of Fig. 3, where the antineutrino energy is exactly
measured. Once the finite energy resolution is introduced, the phase difference in the lower
energy side of the degeneracy point is significantly smeared out as it oscillates faster w.r.t.
Eν at the low energy, hence it is easier for one oscillation period to be covered by a sizable
Gaussian profile of the detector response function. The remaining difference in the higher
energy side can then be absorbed by a small shift in |∆m231|, resulting in an excellent
fit (solid curve) to the NH data (blue dashed curve) in the lower panel of Fig. 3, shown
for 6%/
√
E/MeV energy resolution. From these result, we can conclude that the physics
potential for mass hierarchy discrimination strongly depends on the energy resolution.
To discuss more qualitatively the parameter shifts which have resulted in the excellent
fits, we plot in Fig. 4 the pull factors of the five fitting parameters, sin2 2θ12, sin
2 2θ13, ∆m
2
21,
|∆m231| and fsys, as functions of the baseline length L. The pull factor of parameter Y is
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Figure 2. The energy distribution of reactor antineutrinos with baseline length L = 30 km and
20GWth·5kt (12% free-proton weight fraction)·5yrs exposure. Upper: The case with exact Eν
measurement where the dashed blue and dashed red curves are for NH and IH, respectively. The
solid curve shows the best fit of IH assumption to the NH data. The red arrow points out the energy
at which the difference due to mass hierarchy vanishes. Lower: 6/
√
Evis% energy resolution case.
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Figure 3. Same as Fig. 2 but with baseline length L = 50 km
defined as
(
Y fit − Y input) /δY , and its square contributes to the χ2 function of eq. (3.1).
The best fit values with the wrong hierarchy assumption are shown by green, blue and red
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Figure 4. The best-fit values for sin2 2θ12, sin
2 2θ13, ∆m
2
21, |∆m231| and fsys v.s. the baseline
length L with a = 2%, 3%, 6% and b = 0. The results for 20GWth·5kt (12% free-proton weight
fraction)·5yrs exposure are shown by solid curves for NH, and dashed curves for IH.
curves for a = 2, 3 and 6% with b = 0, respectively. As expected, |∆m231| shifts significantly
with a negative (NH) or positive (IH) pull factor of 0.5 or less, especially in short baseline
lengths. Although sin2 2θ13 also seems to contribute significantly at L ∼ 30 − 80 km
for the a = 2% and 3% cases, we checked that its contribution for reducing (∆χ2)min is
negligible compared to |∆m231|. The other parameters do not contribute significantly. At
large baseline length, L > 80 km, none of the model parameters gives a significant pull
factor.
Figure 5 shows the resulted (∆χ2)min value as a function of the baseline length L, for
several energy resolutions, a = 2, 3, 4, 5 and 6% (with b = 0) in eq. (2.13), from the top to
the bottom. Solid curves are for NH, while dashed curves are for IH. The results clearly
show that the mass hierarchy can be determined by those experiments only if the energy
resolution of the detector is 3%/
√
E/MeV or better, and that the optimal baseline length
(as shown by the cross symbol) is around 50 km for that resolution. The small (∆χ2)min
for the baseline length L < 40 km and L > 80 km is due to a shift in |∆m231| and low
statistics, respectively. For the a = 5 and 6% cases (∆χ2)min stays almost zero at all L.
Next we discuss the effect of the systematic uncertainty part of the energy resolution,
b, in eq. (2.13). The Fig. 6 shows the (∆χ2)min value as a function of the baseline length
L for different b values with a = 3%. The curves from the top to the bottom are obtained
for b = 0%, 0.5%, 0.75% and 1%, respectively. The effect of the systematic uncertainty is
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Figure 5. (∆χ2)min for mass hierarchy discrimination shown as a function of the baseline length
L, when the energy resolution in eq. (2.13) is varied with a = 2 to 6% and b = 0, from the top
to the bottom. The results for 20GWth·5kt (12% free-proton weight fraction)·5yrs exposure are
represented by solid curves for NH, and by dashed curves for IH. The cross symbols mark the
optimal baseline lengths.
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Figure 6. (∆χ2)min for mass hierarchy discrimination v.s. baseline length L, with the energy
resolution in eq. (2.13) being a = 3% and b = 0%, 0, 5%, 0.75%, 1%, from the top to the bottom.
The other conditions are the same as Fig. 5.
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significant as discussed in ref. [18], reducing the peak value of (∆χ2)min from 3.7 (b = 0)
to 3.3 (b = 0.5%), 2.9 (b = 0.75%) and 2.5 (b = 1%) for NH. The optimal L shortens from
51 km for (a, b) = (3, 0)% to 47 km for (a, b) = (3, 1)%.
Figure 7 shows another similar figure for a = 2%. In this case (∆χ2)min is reduced
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Figure 7. Same as Fig.6 but with the energy resolution a = 2% and b = 0%, 0.5%, 0.75%, 1% from
the top to the bottom.
from 11.0 (b = 0) to 9.7 (b = 0.5%), 8.4 (b = 0.75%) and 6.9 (b = 1%).
In addition, the neutrino parameters, sin2 2θ12, sin
2 2θ13,∆m
2
21 and |∆m231|, can be
measured accurately with statistical uncertainties shown in Fig. 8. We find
δ sin2 2θ12 ∼4× 10−3 (0.5%), (4.1a)
δ∆m221 ∼3× 10−7eV2 (0.4%), (4.1b)
δ|∆m231| ∼7× 10−6eV2 (0.3%), (4.1c)
with the energy resolution of (a, b) = (3, 0.5)% at L = 50 km; the percentage values
in the parentheses denote the relative accuracy of the measurement. Those uncertainties
are almost independent of the mass hierarchy and of the energy resolution, with the only
exception of the |∆m231| uncertainty for which the larger resolution results in the larger
uncertainty: |∆m231| ∼ 8 × 10−6eV2 for the resolution (a, b) = (3, 1)% and 1.8 × 10−5eV2
for (a, b) = (6, 1)% at L = 50 km. The uncertainties of sin2 2θ12 and ∆m
2
21 show the rapid
reduction after L = 20 km and stabilize for L > 40 km. This is because the normalization
and shape of the slowly varying oscillation pattern in Fig. 1 determine sin2 2θ12 and ∆m
2
21,
respectively, which is almost independent of the energy resolution. On the other hand,
sin2 2θ13 and |∆m231| are measured most accurately around L ∼ 1 km, which motivated
the first round of the reactor antineutrino oscillation experiments such as Daya Bay [1],
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Figure 8. The statistical uncertainties of the neutrino model parameters measured by this experi-
ment as functions of the baseline length L after 20GWth·5kt (12% free-proton weight fraction)·5yrs
exposure. The results for both hierarchy (NH by solid and IH by dashed curves) and for the energy
resolution of eq. (2.13) with (a, b) = (3, 0.5), (3, 1) and (6, 1)% are shown.
RENO [2] and Double Chooz [25]. The uncertainty of sin2 2θ13 quickly grows to the Daya
Bay expectation of 5% [29], which is implemented as the input in this analysis, at L >
30 km. Somewhat surprisingly, the uncertainty of |∆m231| remains small at the level of
1× 10−6eV2 up to L ∼ 60 km when energy resolution is 3%/√E/MeV or better. We find
that this is because the rapid oscillation pattern due to |∆m231| can be resolved even after
the smearing in the observed energy as can be seen in Fig. 3. With better energy resolution,
more oscillation patterns are recognized and higher accuracy of the |∆m231| measurement
can be achieved.
5 Statistical uncertainty of the sensitivity
We have discussed the sensitivity for the mass hierarchy determination by evaluating the
minimum of ∆χ2 in eq. (3.6) without taking account of statistical fluctuations in the data.
In general, fluctuations can be included by simulating many experiments repeatedly; for
example, see refs. [14, 17, 18]. However, it requires time-consuming simulations. Here, we
introduce a more efficient way to estimate effects of statistical fluctuations on the sensitivity.
The χ2 function (3.1) can be written as
χ2 =
nbin∑
i=1

Nfiti −Ndatai√
Ndatai


2
+
nparam∑
i=1
(
Xi −X inputi
δXi
)2
, (5.1)
where Nfiti and N
data
i are the predicted and observed event numbers in the ith bin, and
“nbin” and “nparam” are the numbers of bins and parameters used in the χ2 fitting,
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respectively. The second term gives the contributions from the external constraints on the
model parameters and systematic errors, see eqs. (3.2) and (3.3).
We first expand the theoretical prediction Nfiti as
Nfiti ≈ n(0)i +
∑
j
Aij∆Xj . (5.2)
keeping only the terms linear in ∆Xj . Here n
(0)
i = N
fit
i |X=X(0) are the predicted event num-
bers where the parameters are set at reference values Xj = X
(0)
j ; ∆Xj are the deviations of
parameters from their reference values, ∆Xj ≡ Xj −X(0)j ; and Aij are the corresponding
derivatives, Aij = ∂N
fit
i /∂Xj |X=X(0) . This linear expansion gives the true χ2min for both
the true and wrong mass-hierarchy assumptions after a few iterations of minimization since
all the neutrino parameters used in this analysis have been well constrained by previous
experiments.
For convenience, we rewrite eq. (5.1) in the matrix form,
χ2 = (n˜(0) + A˜∆X − N˜data)TΣ−1(n˜(0) + A˜∆X − N˜data) , (5.3a)
with the diagonal (nbin + nparam)× (nbin + nparam) matrix
Σij = δij(δN˜i)
2, (5.3b)
where 

n˜
(0)
i = n
(0)
i
A˜ik = Aik
N˜datai = N
data
i
δN˜i =
√
Ndatai (5.4a)
for 1 ≤ i ≤ nbin and 1 ≤ k ≤ nparam, and

n˜
(0)
l = X
(0)
l−nbin
A˜lk = δl−nbin, k
N˜datal = X
input
l−nbin
δN˜l = δXl−nbin (5.4b)
for (nbin + 1) ≤ l ≤ (nbin + nparam). For a given set of data {Ndatai } (1 ≤ i ≤ nbin),
we find a minimum of eq. (5.3a) by varying the parameters ∆Xk (1 ≤ k ≤ nparam). The
extremum condition reads
∂χ2
∂∆X
= 2A˜TΣ−1(n˜(0) + A˜∆X − N˜data) = 0 , (5.5)
which can be solved as
∆Xbest = −(A˜TΣ−1A˜)−1A˜TΣ−1(n˜(0) − N˜data) . (5.6)
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The minimum χ2 is estimated with this best-fit ∆X as
χ2min
(
Ndata
)
= (n˜(0) − N˜data)T [I − A˜(A˜TΣ−1A˜)−1A˜TΣ−1]TΣ−1
[I − A˜(A˜TΣ−1A˜)−1A˜TΣ−1](n˜(0) − N˜data). (5.7)
Note that the event number dependence of χ2min comes from the event number difference,
(n(0) −Ndata), and Σij. The true χ2min is found by iterating the procedure a few times.
Due to fluctuation, Ndatai may deviate from their mean values N i, and the (∆χ
2)min
has the statistical uncertainty. It is plausibly assumed that these fluctuation of Ndatai follow
the Gaussian distributions with the variance
√
N i. The uncertainty of the (∆χ
2)min can
then be estimated as
δ
{
(∆χ2)min
}
=
√√√√nbin∑
i=1
(
∂(∆χ2)min
∂Ndatai
∣∣∣∣
Ndata=N
√
N i
)2
. (5.8)
This can be calculated from eq. (5.7) analytically. Therefore, we can readily estimate the
uncertainty of the (∆χ2)min, once we find a set of X
(0)
i which gives the true χ
2
min.
This uncertainty is actually closely related to the mean of the (∆χ2)min,
(∆χ2)min = (∆χ
2)min
∣∣
Ndata=N
, (5.9)
as
δ
{
(∆χ2)min
} ∼ 2√(∆χ2)min. (5.10)
It may be explained as follows. The derivative of (∆χ2)min with respect to N
data
i in
eq. (5.8) consists of two parts: the linear terms and the quadratic terms of the event
number difference
(
n
(0)
i −Ndatai
)
. Since this difference is tiny with respect to the event
number itself, we can just keep the linear terms and obtain the relation (5.10). The same
result was obtained by the authors of ref. [20] in a different approach.
We can now estimate the probability of an experiment to determine the right mass
hierarchy. It is plausible to assume that (∆χ2)min corresponding to the right mass-hierarchy
determination follows the normal distribution with the mean (∆χ2)min and the standard
deviation δ
{
(∆χ2)min
}
[20]. The sensitivity corresponding to a given (∆χ2)min is then
evaluated as erf
(
1√
2
√
(∆χ2)min
)
with the Gauss error function
erf
(
x√
2
)
≡
∫ x
−x
dy
1√
2π
e−
y
2
2 . (5.11)
The probability for an experiment to determine the right mass hierarchy is then calculated
as
P =
∫ ∞
0
dxN
(
x; (∆χ2)min, δ
{
(∆χ2)min
})
erf
(√
x√
2
)
, (5.12)
where N(x;µ, σ) is the normal distribution function
N(x;µ, σ) ≡ 1√
2πσ
exp
{
−(x− µ)
2
2σ2
}
. (5.13)
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Note that the normal distribution function does not add up to unity over the integration
interval, (0,∞), since there is also the possibility that the wrong mass hierarchy is chosen.
To check the validity of our method for estimating the uncertainty of (∆χ2)min, we
evaluate the probability, eq. (5.12), with a Monte-Carlo (MC) method as well. We generate
1,000 pseudo experiments each for several energy resolutions and experimental exposures.
From the obtained 1,000 (∆χ2)min, we estimate the mean and the variance of the (∆χ
2)min
and calculate the probability using eq. (5.12).
We show our naive expectation for the probability of an experiment to determine the
right mass hierarchy, subtracted from unity, as a function of the
√
(∆χ2)min in Fig. 9 (the
solid curve). Although the curve is obtained for the NH case with the (a, b) = (2, 0.5)%
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√
(∆χ2)min
Figure 9. The probability for an experiment to determine the right mass hierarchy as a function
of the mean sensitivity,
√
(∆χ2)min, which is calculated by ignoring fluctuation in the data. The
solid curve is obtained by considering fluctuations of data using our method, while the dashed
curve shows the simple Gaussian interpretation of the (∆χ2)min as a reference. Points with error
bars show the probability obtained with the MC method, which performs 1,000 pseudo-experiments
for each points. The circle points correspond to experiments with the exposures of 20GWth·5kt
(12% free-proton weight fraction)·5yrs×1,×4 and ×9 for (a, b) = (2, 0.5)% energy resolution in
eq. (2.13), while the rectangular ones correspond to experiments with the exposures of ×1, · · · ,×25
for (3, 0.75)% resolution.
energy resolution, it depends neither on the mass hierarchy nor on the energy resolution.
The dashed curve shows the simple Gaussian interpretation of the (∆χ2)min as a refer-
ence. Circle and rectangular points show the expected sensitivity obtained by the MC
method for experiments with the energy resolution of (2, 0.5)% and (3, 0.75)%, respec-
tively. The experimental exposures are taken to be 20GWth·5kt (12% free-proton weight
fraction)·5yrs×1,×4 and×9 for the (2, 0.5)% resolution case, while they are×1,×4,×9,×16
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and ×25 for the (3, 0.75)% resolution case. These points agree with the expected-sensitivity
curve obtained with our analytical method, demonstrating the validity of our approach.
We have checked that all the central values of the MC simulation results lie on the solid
curve when we increase the number of pseudo-experiments to 10, 000.
As an illustration, let us consider an experiment with the energy resolution of (a, b) =
(2, 0.5)% and 20GWth·5kt (12% free-proton weight fraction)·5yrs exposure. (∆χ2)min ≃
11.8 for NH and 11.6 for IH from Fig. 7, and the solid curve in Fig. 9 tells that the
experiment is expected to determine the right mass hierarchy with ∼ 94% probability for
both hierarchies.
The authors of ref. [18] considered the probability of determining the right hierarchy
against the wrong hierarchy. They estimated the fluctuation of the sensitivity for mass hier-
archy determination by simulating many experiments. They found the probability of 98.9%
with the energy resolution of (a, b) = (2.6, 1)% at the baseline length of 60 km and with five
times more events (105 events) than our default setting, assuming sin2 2θ13 = 0.092±0.017.
We find (∆χ2)min ≃ 21 for their setting, giving ∼ 98.7% probability with eq. (5.12), showing
the good agreement with their result. On the other hand, authors of ref. [14, 17] considered
the probability to determine the mass hierarchy correctly, by using the Fourier analysis.
Although the definition of the probability is not stated clearly in the references, the proba-
bility may correspond to our eq. (5.12) where the error function erf(
√
x/
√
2) is replaced by
unity. They reported ∼ 90% and 93.4% probabilities for experiments with (a, b) = (3, 0)%
energy resolution at the baseline length of 58 km and with 25 and 2.5 times more events
(5× 105 and 5× 104 events) than our default setting, assuming sin2 2θ13 = 0.02 and 0.092,
respectively. For those settings, we find (∆χ2)min ≃ 5.7 and 11.7, giving the probabilities
of ∼ 83% and ∼ 93.6% with eq. (5.12), respectively. Somewhat smaller probability of our
estimate ∼ 83% may reflect the factor erf(√x/√2) < 1 in eq. (5.12), whose effect can be
significant when (∆χ2)min is not large. Another possible reason is that only one set of
parameter values was studied in their analysis without marginalizing the probabilities as
pointed out in ref. [18].
6 Discussions and Conclusion
In this paper we have investigated the sensitivity of medium baseline reactor electron-
antineutrino oscillation experiments for determining the neutrino mass hierarchy by per-
forming the standard χ2 analysis.
We carefully study the impacts of the energy resolution (δE/E)2 =
(
a/
√
E/MeV
)2
+
b2 and find that the sensitivity and the optimal baseline length, which maximizes the mass
hierarchy resolving power of the experiment, strongly depend on it. The optimal baseline
length is found to depend slightly on the energy resolution, preferring the length slightly
shorter than 50 km for the energy resolution of (a, b) = (3, 0.75)%, (3, 1)%, (2, 0.75)% and
(2, 1)%. At the optimal baseline length, the energy resolution better than the 3%/
√
E/MeV
level is needed to determine the neutrino mass hierarchy pattern. 3σ determination of the
mass hierarchy is possible for an experiment with 20GWth·5kt (12% free-proton weight
fraction)·5yrs exposure if an energy resolution of (a, b) = (2, 0.75)% is achieved, while a
– 16 –
factor of three larger or longer experiment is needed to achieve the same goal for the energy
resolution of (a, b) = (3, 0.75)%.
It is also found that this experiment can measure the neutrino parameters, sin2 2θ12,
∆m221 and |∆m231|, very accurately as shown in (4.1) for an experiment of 20GWth·5kt
(12% free-proton weight fraction)·5yrs at L ∼ 50 km.
The statistical uncertainty of the (∆χ2)min is then estimated with an efficient analytic
method. Applying this, we evaluate and discuss the expected sensitivity for determining
the right mass hierarchy. This method is generic and can be applied straightforwardly to
other experiments, especially to those where MC methods cost much.
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